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Abstract
Let R  be a 2-torsion free prime ring, J  a nonzero Jordan ideal of R  and F  be a generalized derivation associated with a nonzero
derivation d. If F  satisfies any one of the following conditions: (i) F(xy) −  xy  ∈  Z(R); (ii) F(xy) −  yx  ∈  Z(R); (iii) F(x)F(y) −  xy  ∈  Z(R);
(iv) F(x)F(y) −  yx  ∈  Z(R) for all x, y  ∈  J, then R  is commutative.
© 2015 Taibah University. Production and hosting by Elsevier B.V. This is an open access article under the CC BY-NC-ND license
(http://creativecommons.org/licenses/by-nc-nd/4.0/).
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Throughout this paper, R  will denote an associative
ring with center Z(R). For any x, y ∈  R  the symbol [x,
y] will denote the commutator xy  −  yx; while the sym-
bol x  ◦ y will stand for the anti-commutator xy  + yx. R
is 2-torsion free if whenever 2x  = 0, with x  ∈  R  implies
x = 0. R is prime if aRb  = 0 implies a = 0 or b = 0. An
additive subgroup J of R  is said to be a Jordan ideal of R
if u  ◦ r  ∈  J, for all u  ∈  J  and r  ∈  R. If J is a nonzero Jor-
dan ideal of a ring R, then 2[R, R]J  ⊆  J and 2J[R, R] ⊆  J
[1, Lemma 2.4]. Moreover, from [2] (see the proof of
Lemma 3) we have 4j2R  ⊂  J  and 4Rj2 ⊂  J for all j ∈  J.∗ Corresponding author. Tel.: +212 611120489.
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(http://creativecommons.org/licenses/by-nc-nd/4.0/).Since 4jrj  = 2{j(jr  + rj) + (jr  + rj)j}  −  {2j2 . r  + r . 2j2}, it
follows that 4jRj  ⊂  J for all j  ∈ J (see [2], proof of The-
orem 3).
Several authors have proved commutativity theorems
for prime and semiprime rings admitting derivations or
generalized derivations satisfying any one of the prop-
erties (i)–(iv) on any appropriate subset. Motivated by
these results, our aim in the following paper is to study
generalized derivation satisfying properties (i)–(iv) on a
nonzero Jordan ideal of a prime ring.
We shall make some use of the following well-known
facts:
Fact 1  ([1,  Lemma  2.6]). If aJb  = 0, then a = 0 or b  = 0.
Fact 2  ([1,  Lemma  2.7]). If [J, J] = {0}, then J ⊂  Z(R).. This is an open access article under the CC BY-NC-ND license
Fact 3. If R  is noncommutative such that a[r, xy]b  = 0
for all x, y  ∈  J, r  ∈  R, then a = 0 or b  = 0.
Fact 4.  If J  ⊂  Z(R), then R  is commutative.
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act  5.  If [a, x2] = 0 for all x  ∈ J, then a  ∈  Z(R). In partic-
lar, if [x2, y2] = 0 for all x, y  ∈ J, then R  is commutative.
act  6.  Let i be a positive integer and set J0 = J,
hen Ji = {x  ∈  Ji−1/d(x) ∈ Ji−1}  is a nonzero Jordan ideal,
oreover if J ∩  Z(R) /=  0, then Ji ∩  Z(R) /=  0.
.  Jordan  ideals  and  generalized  derivations
heorem  1.  Let  R  be  a  2-torsion  free  prime  ring  and
 a  nonzero  Jordan  ideal  of  R.  If  R  admits  a  general-
zed derivation  F  associated  with  a nonzero  derivation
 satisfying  F(xy) −  xy  ∈  Z(R) for  all  x, y  ∈  J,  then  R  is
ommutative.
roof. We claim that J  ∩  Z(R) /=  0, indeed if
 ∩  Z(R) = 0, then we have
(xy) −  xy  ∈  Z(R) for all x,  y ∈ J.  (1)
eplacing y by 2[r, uv]y  and x by 2x2, where u,  v ∈  J
nd r ∈  R, we get
(F (x2[r,  uv]) −  x2[r,  uv])y  +  4x2[r,  uv]d(y) ∈  Z(R).
(2)
sing the fact that 4(F(x2[r, uv]) −  x2[r, uv])y  + 4x2[r,
v]d(y) ∈  J, we obtain
F (x2[r,  uv]) −  x2[r,  uv])y  +  x2[r,  uv]d(y) =  0 for all
eplacing y  by 4yz2, where z  ∈  J, we find that
2[r,  uv]yd(z2) =  0 for all u,  v,  x,  y,  z ∈ J,
r ∈  R.  (4)
n light of Fact 3, it follows that d(z2) = 0 for all z  ∈  J and
3, Lemma 3] forces d  = 0, contradiction and therefore
 ∩  Z(R) /=  0.
Replacing y by 4yu2 in (1), where u ∈  J, we get
(xy)u2 −  xyu2 + xyd(u2) ∈ Z(R) that is [xyd(u2), u2] = 0
hich leads to
y[d(u2),  u2] +  x[y,  u2]d(u2) +  [x,  u2]yd(u2) =  0
for all u,  x,  y  ∈  J.  (5)
ince 4d(u2)x  = 4(d(u) ◦ u)x  = 2(d(u) ◦  u) ◦  x + 2[(d(u) ◦
), x] ∈  J  for all u, x  ∈  J1, then replacing x by 4d(u2)x
n (5) we get
d(u2),  u2]xyd(u2) =  0 for all u,  x,  y  ∈  J . (6)1
ubstituting 4yu2 for y in (6), we obtain
d(u2),  u2]xyu2d(u2) =  0 for all u,  x,  y ∈ J1. (7)niversity for Science 9 (2015) 314–319 315
 v,  x,  y  ∈ J,  r ∈  R.(3)
Right multiplying equation (6) by u2, we find that
[d(u2), u2]xyd(u2)u2 =  0 for all u,  x,  y ∈ J1.  (8)
Employing Eqs. (7) and (8), we conclude that
[d(u2),  u2]xy[d(u2),  u2] =  0 for all u,  x,  y ∈  J1.
(9)
In view of Fact 1, we get
[d(u2),  u2] =  0 for all u  ∈  J1.  (10)
Let 0 /=  z  ∈ J1 ∩  Z(R) and replacing u  by 2rz, where
r ∈  R, we get
[d(r2),  r2] =  0 for all r  ∈  R.  (11)
Accordingly, [4, main Theorem] assures that [R,
R]d(R) = 0 in such a way that R is commutative.
Corollary 1  ([5, Theorem 2.1]). Let  R  be  a 2-torsion
free prime  ring  and  I  a  nonzero  ideal  of  R.  If  R  admits
a generalized  derivation  F associated  with  a  nonzero
derivation d  satisfying  F(xy) −  xy  ∈  Z(R) for  all  x, y  ∈ I,
then R is  commutative.
Application of similar arguments yields the following:
Theorem 2.  Let  R be  a  2-torsion  free  prime  ring  and
J a  nonzero  Jordan  ideal  of  R.  If  R admits  a  general-
ized derivation  F  associated  with  a  nonzero  derivation
d satisfying  F(xy) + xy  ∈  Z(R) for  all  x, y  ∈  J,  then  R  is
commutative.
Theorem 3.  Let  R be  a  2-torsion  free  prime  ring  and
J a  nonzero  Jordan  ideal  of  R.  If  R admits  a  general-
ized derivation  F  associated  with  a  nonzero  derivation
d satisfying  F(xy) −  yx  ∈  Z(R) for  all  x, y  ∈  J,  then  R  is
commutative.
Proof. We are given that
F (xy) −  yx  ∈  Z(R) for all x,  y  ∈ J.  (12)
We claim that J  ∩ Z(R) /=  0, indeed suppose that
J ∩  Z(R) = 0. Replacing x  by 2x2 and y  by 2[r, uv]y  in
(12), where u,  v  ∈  J  and r  ∈  R, we get
4(F (x2[r,  uv]) −  [r,  uv]x2)y  +  4[r,  uv][x2,  y]
+ 4x2[r,  uv]d(y) ∈ Z(R).  (13)
Since 4(F(x2[r, uv]) −  [r, uv]x2)y  + 4[r, uv][x2,
y] + 4x2[r, uv]d(y) ∈ J, for all u,  v,  x,  y  ∈  J ; r ∈ R,
it follows that
4(F (x2[r,  uv]) −  [r,  uv]x2)y  +  4[r,  uv][x2,  y]
+ 4x2[r,  uv]d(y) =  0 (14)
ibah U316 L. Oukhtite, A. Mamouni / Journal of Ta
for all u,  v, x,  y ∈  J,  r  ∈  R. Replacing y  by 4yx2 in
(14), we find that
x2[r,  uv]yd(x2) =  0 for all u,  v,  x,  y  ∈  J,
r ∈  R.  (15)
By view of Fact 3, it follows that d(x2) = 0 for all x ∈  J and
[3, Lemma 3] yields d  = 0, contradiction. Consequently,
J ∩  Z(R) /=  0.
Replacing y by 4yu2 in (12), where u  ∈  J, we get
[y[x,  u2],  u2] +  [xyd(u2),  u2] =  0 for all
u, x,  y ∈  J.  (16)
Substituting 4xu2 for x  in (16), we obtain
[y[x,  u2],  u2]u2 +  [xu2yd(u2),  u2] =  0 for all
u, x,  y ∈  J.  (17)
Right multiplication of Eq. (16) by u2 gives
[y[x,  u2],  u2]u2 +  [xyd(u2)u2,  u2] =  0.  (18)
Subtracting (18) from (17), we obtain
[x[yd(u2),  u2],  u2] =  0 for all u,  x,  y  ∈  J. (19)
Since 4yd(u2)z = 2[yd(u2), z] + 2(yd(u2)) ◦ z  ∈  J  for all u,
y, z  ∈  J, then replacing x  by 4yd(u2)z  in (19), where z  ∈ J,
we obtain
[yd(u2),  u2]z[yd(u2),  u2] =  0 for all
u,  x,  y,  z  ∈  J. (20)
Invoking Fact 1, we obtain
[yd(u2),  u2] =  0 for all u,  y  ∈  J.  (21)
Replacing y  by 4d(u2)y  in (21), we arrive at
[d(u2),  u2]yd(u2) =  0 for all u,  y  ∈  J  (22)
in such a way that
[d(u2),  u2] =  0 for all u  ∈  J.  (23)
Let 0 /=  z ∈  J1 ∩  Z(R) ; replacing u by 2rz  in (23) we get
[d(r2),  r2] =  0 for all r  ∈  R.  (24)
Hence [4, main Theorem] assures that [R, R]d(R) = 0 so
that R  is commutative. 
Corollary  2 ([5, Theorem 2.3]). Let  R  be  a  2-torsion
free prime  ring  and  I  a  nonzero  ideal  of  R.  If  R  admits
a generalized  derivation  F  associated  with  a  nonzero
derivation d satisfying  F(xy) −  yx  ∈  Z(R) for  all  x, y  ∈  I,
then R  is  commutative.niversity for Science 9 (2015) 314–319
Using similar approach we can prove the following
result:
Theorem 4.  Let  R be  a  2-torsion  free  prime  ring  and
J a  nonzero  Jordan  ideal  of  R.  If  R  admits  a  general-
ized derivation  F associated  with  a  nonzero  derivation
d satisfying  F(xy) + yx  ∈  Z(R) for  all  x, y  ∈  J, then  R  is
commutative.
Theorem 5.  Let  R be  a  2-torsion  free  prime  ring  and
J a  nonzero  Jordan  ideal  of  R.  If  R  admits  a  general-
ized derivation  F associated  with  a  nonzero  derivation
d such  that  F(x)F(y) −  xy  ∈  Z(R) for  all  x, y  ∈ J,  then  R
is commutative.
Proof.  Assume that Z(R) ∩  J  = 0 and
F (x)F (y) −  xy  ∈ Z(R) for all x,  y  ∈  J. (25)
Replacing y by 4y2[r, uv] in (25), where u,  v ∈ J , r ∈  R,
we get
4(F (x)F (y2) −  xy2)[r,  uv] +  4F (x)y2d([r,  uv]) ∈  Z(R).
(26)
It is easy to see that 8((F(x)F(y) −  xy)[r, uv] + F(x)y2d([r,
uv])) ∈ J ∩  Z(R) for all u,  v,  x,  y  ∈ J1,  r  ∈ R  so that
(F (x)F (y2) −  xy2)[r,  uv] +  F (x)y2d([r,  uv]) =  0 (27)
for all u,  v,  x,  y  ∈ J1, r  ∈  R. Writing 4v2r instead of
v in (27), we obtain
F (x)y2[r,  uv2]d(r) =  0 for all u,  v,  x,  y  ∈  J1,
r ∈ R  (28)
that is
F (x)y2u[r,  v2]d(r) +  F (x)y2[r,  u]v2d(r) =  0 (29)
for all u,  v, x,  y  ∈  J1,  r  ∈  R. Writing 8F(x)y2[t, uw]
instead of u  in (29), where w  ∈ J1,  t  ∈ R, we arrive at
F (x)y2[r,  F (x)y2][t,  uw]v2d(r) =  0
for all u,  v,  w,  x,  y ∈  J1,  r,  t ∈ R.  (30)
Since d  /=  0, then Fact 3 together with equation (30),
yield
F (x)y2[r,  F (x)y2] =  0 for all x,  y  ∈  J1,
r ∈ R.  (31)Replacing r by rt  in the last expression we obtain
F (x)y2R[t,  F (x)y2] =  0 for all x,  y  ∈  J1,
t ∈  R.  (32)
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ince R is prime, then either 4F(x)y2 = 0 or [t, F(x)y2] = 0
n such a way that 4F(x)y2 ∈ Z(R). As J ∩  Z(R) = 0, thus
n both the cases we have F(x)y2 = 0 for all x, y  ∈  J1
hich implies that F  = 0 and thus d  = 0, contradiction.
ccordingly, J  ∩ Z(R) /=  0 .
Let 0 /= z  ∈  J  ∩  Z(R), since
(x)F (y) −  xy  ∈  Z(R) for all x,  y  ∈ J.  (33)
hen replacing y by 2yz  = y  ◦ z  we get
F (x)y,  r]d(z) =  0 for all x,  y  ∈  J,  r  ∈  R  (34)
nd thus [F(x)y, r] = 0 or d(z) = 0.
If [F(x)y, r] = 0, then
(x)[y,  r] +  [F (x),  r]y  =  0 for all x,  y  ∈  J,
r ∈  R.  (35)
eplacing y  by 2y[s, t] we get
(x)y[[s,  t],  r] =  0 for all
x, y ∈  J,  r,  s,  t ∈  R.  (36)
n light of F  /=  0, we conclude that R  is commutative.
If d(Z(R) ∩  J) = 0, then replacing y by 4yu2 in (25),
e get
(F (x)F (y) −  xy)u2 +  4F (x)yd(u2) ∈  Z(R)
for all u,  x,  y  ∈  J  (37)
hich leads to
F (x)yd(u2),  u2] =  0 for all u,  x,  y  ∈  J.  (38)
eplacing x  by 4xu2 we get
xd(u2)yd(u2),  u2] =  0 for all u,  x,  y ∈  J.  (39)
ubstituting 4d(u2)x  for x we obtain
d(u2),  u2]xd(u2)yd(u2) =  0 for all u,  x,  y  ∈  J.
(40)
nce again using the primeness of R, the last equation
ssures that
d(u2),  u2] =  0 for all u  ∈  J.  (41)
eplacing u  by 2rz  = u  ◦ z, where r  ∈  R, we get
d(r2),  r2] =  0 for all r  ∈ R.  (42)
ccordingly, [4, main Theorem] assures that [R,
]d(R) = 0 which implies that R  is commutative. orollary  3  ([5, Theorem 2.5]). Let  R  be  a  2-torsion
ree prime  ring  and  J,  a nonzero  ideal  of  R.  If  R  admits
 generalized  derivation  F  associated  with  a nonzeroniversity for Science 9 (2015) 314–319 317
derivation  d  such  that  F(x)F(y) −  xy  ∈ Z(R) for  all  x,
y ∈  J, then  R  is  commutative.
Application of similar arguments yields the following:
Theorem 6.  Let  R be  a  2-torsion  free  prime  ring  and
J a  nonzero  Jordan  ideal  of  R.  If  R admits  a  general-
ized derivation  F  associated  with  a  nonzero  derivation
d such  that  F(x)F(y) + xy  ∈ Z(R) for  all  x, y ∈ J,  then  R is
commutative.
Theorem 7.  Let  R be  a  2-torsion  free  prime  ring  and
J a  nonzero  Jordan  ideal  of  R.  If  R admits  a  general-
ized derivation  F  associated  with  a  nonzero  derivation
d such  that  F(x)F(y) −  yx  ∈ Z(R) for  all  x, y  ∈ J,  then  R
is commutative.
Proof.  We are given
F (x)F (y) −  yx  ∈  Z(R) for all x,  y  ∈  J.  (43)
We claim that Z(R) ∩  J /=  0, indeed suppose that
Z(R) ∩  J = 0; replacing y by 4[s, pq][r, uv] in (43), where
p, q,  u,  v ∈  J , r, s ∈ R, we get
4((F (x)F ([s,  pq]) − [s,  pq]x)[r,  uv]
+ F (x)[s,  pq]d([r,  uv]) −  [s,  pq][x,  [r,  uv]]) ∈  Z(R)
(44)
for all p,  q,  u,  v,  x  ∈  J,  r,  s ∈ R. Since 2[r, x]y  ∈  J
and (r  ◦  x)y  ∈ J, for all x, y  ∈  J, r ∈  R, then it is easy to see
that 4((F(x)F([s, pq]) −  [s, pq])[r, uv] + F(x)[s, pq]d([r,
uv]) −  [s, pq][x, [r, uv]]) ∈  J, for all p,  q,  u,  v,  x  ∈
J1,  r,  s  ∈  R, hence
(F (x)F ([s,  pq]) −  [s,  pq])[r,  uv]
+  F (x)[s,  pq]d([r,  uv]) −  [s,  pq][x,  [r,  uv]] =  0
(45)
for all p, q,  u,  v,  x  ∈  J1,  r,  s ∈  R. Writing ruv
instead of r  in (45), we get
F (x)[s,  pq][r,  uv]d(uv) −  [s,  pq][r,  uv][x,  uv] =  0.
(46)
Replacing p  by 4sp2 in (46), we obtain
F (x)s[s,  p2q][r,  uv]d(uv) −  s[s,  p2q][r,  uv][x,  uv] =  0
(47)
for all p,  q,  u,  v,  x  ∈  J1,  r, s ∈  R. Left multiplying
equation (46) by s  and replacing p  by 2p , we arrive at
sF (x)[s,  p2q][r,  uv]d(uv) −  s[s,  p2q][r,  uv][x,  uv] =  0.
(48)
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Subtracting (48) from (47), we find that
[F (x),  s][s,  p2q][r,  uv]d(uv) =  0.  (49)
Writing [F(x), s][s, p2q]r  instead of r  in (49), we obtain
[F (x),  s][s,  p2q][[F (x),  s][s,  p2q],  uv]rd(uv) =  0 (50)
for all p,  q,  u,  v,  x  ∈  J1,  r, s  ∈  R. Since R  is prime,
then [F(x), s][s, p2q][[F(x), s][s, p2q], uv] = 0 or
d(uv) = 0. As d  /=  0, then double application of the
Braur’s trick forces that
[F (x),  s][s,  p2q][[F (x),  s][s,  p2q],  uv] =  0
so that
[F (x),  s][s,  p2q][[F (x),  s][s,  p2q],  u]v
+ [F (x),  s][s,  p2q]u[[F (x),  s][s,  p2q],  v] =  0.
Replacing v by 2v[t,  k], where t, k ∈  R, we get [F(x), s][s,
p2q] = 0 or [F(x), s][s, p2q] ∈  Z(R) in which case equation
(49) leads to
[F (x),  s][s,  p2q] =  0 for all p,  q,  x  ∈  J1; s  ∈  R
Accordingly, F(x) ∈  Z(R) for all x ∈  J1 so that F  is cen-
tralizing on J1 and [3, Theorem 1] forces that R  is
commutative, this implies that J1 = {0}, contradiction.
Consequently, J  ∩  Z(R) /=  0. Replacing y by 4yu2 in
(43), we obtain
(F (x)F (y) −  yx)u2 +  y[x,  u2] +  F (x)yd(u2) ∈  Z(R)
(51)
that is
[y[x,  u2],  u2] +  [F (x)yd(u2),  u2] =  0
for all u,  x,  y  ∈  J.  (52)
Substituting 4xu2 instead of x  in (52), we find that
[y[x,  u2],  u2]u2 +  [(F (x)u2 +  xd(u2))yd(u2),  u2] =  0
(53)
for all u, x, y  ∈  J. Once again replacing y by 4u2y  in (52),
we obtain
2 2 2 2 2 2u [y[x,  u ],  u ] +  [F (x)u yd(u ), u ] =  0
for all u,  x,  y  ∈  J.  (54)
Subtracting (54) from (53) we arrive at
[[y[x,  u2],  u2],  u2] +  [xd(u2)yd(u2), u2] =  0
for all u,  x,  y  ∈  J.  (55)niversity for Science 9 (2015) 314–319
Writing 4xu2 instead of x  in (55), we get
[[y[x,  u2], u2],  u2]u2 +  [xu2d(u2)yd(u2),  u2] =  0.
(56)
Right multiplying (55) by u2, we find that
[[y[x,  u2], u2],  u2]u2 +  [xd(u2)yd(u2)u2, u2] =  0.
(57)
Subtracting (57) from (56) we arrive at
[x[d(u2)yd(u2),  u2],  u2] =  0 for all u,  x,  y  ∈  J.
(58)
Since
4d(u2)yd(u2)x  =  4(d(u) ◦ u)yd(u2)x
= 2[d(u) ◦ u,  yd(u2)x]
+  2(d(u) ◦  u) ◦ (yd(u2)x) ∈ J
for all u, x, y  ∈  J1, then replacing x  by 4d(u2)yd(u2)x  in
(58), we find that
[d(u2)yd(u2), u2]x[d(u2)yd(u2),  u2] =  0
for all u,  x,  y  ∈  J1.  (59)
Using the primeness of R  together with Fact 1, we con-
clude that
[d(u2)yd(u2), u2] =  0 for all u,  y  ∈  J1. (60)
Replacing y by 8zd(u2)y  where z  ∈ J  we get [d(u2)z,
u2]d(u2)yd(u2) = 0 so that [d(u2)z, u2]d(u2) = 0. Hence
(60) yields
d(u2)y[d(u2),  u2] =  0 for all u,  y  ∈  J1 (61)
in such a way that
[d(u2), u2] =  0 for all u  ∈ J1.  (62)
Let 0 /=  z  ∈ J1 ∩  Z(R) ; then replacing u  by 2rz  in (62),
where r ∈  R, we get
[d(r2),  r2] =  0 for all r ∈  R.  (63)
Applying [4, Main Theorem], we conclude that [R,
R]d(R) = 0 so that R  is commutative. 
Corollary 4.  Let  R  be  a 2-torsion  free  prime  ring  and
J, a  nonzero  ideal  of  R.  If  R admits  a generalized  deriva-
tion F  associated  with  a nonzero  derivation  d  such  that
F(x)F(y) −  yx ∈ Z(R) for  all  x, y  ∈ J,  then  R  is  commuta-
tive.
Using similar arguments as above, we can prove the
following result:
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[L. Oukhtite, A. Mamouni / Journal of Ta
heorem  8.  Let  R  be  a  2-torsion  free  prime  ring  and
 a  nonzero  Jordan  ideal  of  R.  If  R  admits  a  general-
zed derivation  F  associated  with  a nonzero  derivation
 such  that  F(x)F(y) + yx  ∈ Z(R) for  all  x, y  ∈  J,  then  R  is
ommutative.
The following example demonstrates that our Theo-
ems cannot be extended to semi-prime rings.
xample.  Let R1 be a noncommutative semi-prime
ing, which admits a generalized derivation f associated
ith a nonzero derivation d and let R2 be a commu-
ative domain. If we set R  = R1 ×  R2 and J  = {0}  ×  R2,
hen J is nonzero Jordan ideal of R. Moreover, if we
efine F  : R  −→  R  by F(x, y) = (f(x), 0), then it is easy
o verify that F  is a generalized derivation associated
ith the derivation D  defined by D(x, y) = (d(x), 0).
urthermore,
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F (uv) −  uv  ∈  Z(R),  F (uv) −  vu  ∈  Z(R),
F (u)F (v) −  uv  ∈ Z(R),  F (u)F (v) −  vu  ∈  Z(R)
for all u,  v ∈ J ; but R is not commutative.
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